Geodesics of both lightrays and timelike particles with nonzero mass are deflected in a gravitational field. In this work we apply the perturbative method developed in Ref.
I. INTRODUCTION
The deflection of the lightray near a massive object played an important role in both the theoretical development of gravitational theories and the experimental observations in astrophysics. It helped establishing General Relativity as a correct description of gravity at its very early age. It is also the foundation of gravitational lensing (GL) effect, which is an important tool to deduce properties of the signal source, the signal itself and the lens it passes by. After the first observation of GL in 1979 [2] , many features, such as luminous arcs [3] , Einstein cross [4] and rings [5] , CMB GL [6] [7] [8] and GL of supernovas [9, 10] have been observed. These GLs can be used to study the coevolution of supermassive black holes (BHs) and galaxies [11] and cosmological parameters (for a review see [12] ), properties of the supernova [13] , as well as dark matter substructures [14, 15] .
Traditionally, electromagnetic wave was the main kind of signal in relevant theoretical or observational studies. However, with the discovery of SN1987A neutrinos and blazer TXS 0506+056 [16, 17] , and the more recent discovery of gravitational waves (GWs) [18] [19] [20] [21] , more kinds of messengers become possible. It is known now that neutrinos have non-zero mass [22] and GW in some gravitational theories beyond GR can also be massive. To study the GL of these particles, including the apparent angles of source images and the time delay effect [23] , in principle one should start from the deflection angles calculated for corresponding timelike rays. Recently some of us have examined the deflection angles of massive particles in the simple Schwarzschild and Reissner-Nordström (RN) spacetimes using exact formulas [24, 25] which are valid in both the weak and strong field limits. These results were then used to correlate the GL observations to the properties of the messengers, namely the absolute mass, mass ordering of neutrinos and velocity of GWs. For the deflection angles in more complicated spacetimes, we proposed a perturbative method which were shown to work to very high orders in the weak field limit for both null and timelike particles [1] . The results in Schwarzschild and RN spacetimes were shown to work even when the gravitational field is not weak, and when the charge in the RN spacetime passes the extremal value [1] .
In this work, we extend this perturbative method to the calculation of deflection angles of signals with general velocity in four other spacetimes, namely the Bardeen, Hayward, Janis-Newman-Winicour (JNW) and Einstein-Born-Infeld (EBI) spacetimes. These spacetimes all carry charges of their own kind, and allow transition from BH spacetime to non-BH (possibly naked singularity) spacetime in their respective parameter space. The motivation is to see how different kinds of charges will influence the deflection angle of rays with general velocity [26, 27] . In particular, we will determine the validity of the calculated deflection angle near and beyond the critical value of the parameters.
To our best knowledge, the state of the art for the computation of the deflection angles is to the fifth order in Bardeen spacetime [26, 28, 29] , sixth order in Hayward spacetime [30, 31] , second order in JNW spacetime [26, 28, 32] and third order in EBI BH spacetimes [28] , all for only lightrays but not timelike particles. In this work, we extend these orders dramatically, to the eleventh, ninth, seventh and eleventh orders for the Bardeen, Hayward, JNW and EBI spacetimes respectively, for both lightlike and timelike rays.
The paper is organized as the following. We first recap the general procedure to find the deflection angle in general static, spherically symmetric and asymptotically flat spacetimes for signal with arbitrary velocity in Sec. II. Then this method is applied to the above mentioned four spacetimes in subsections of the section III. For each spacetime, after the deflection angles is found, the effect of the impact parameter, signal velocity and the spacetime parameters are analyzed. Finally, in Sec. IV, we compare these effects among different spacetimes. Throughout the paper we use the geometric unit G = c = 1.
II. PERTURBATIVE METHOD FOR THE DEFLECTION ANGLES
Because the computation of the deflection angle in this work are based on the perturbative method developed in Ref. [1] , here we briefly recap the procedure of the computation in weak field limit for signals with arbitrary velocity.
For any static and spherically symmetric spacetimes, we can start from a general metric ds 2 = −A(r)dt 2 + B(r)dr 2 + C(r) dθ 2 + sin 2 θdϕ 2 .
(1)
To be asymptotically flat, the metric functions satisfy [33] A(r → ∞)
where m is the ADM mass parameter of the system.
Using this metric, it is easy to find the geodesic equations, from which two first integrals can be carried out. These first integrals define the energy E and angular momentum L at infinity for unit mass. E can be related to the velocity at infinity and L to the minimal radial coordinate r 0 of the trajectory by [1] 
where κ = 0, 1 for null and timelike geodesics respectively. Then it is not difficult to show that the change of the angular coordinate for a particle coming from and going back to spacial infinity is given by [1] I(r 0 , E, L) =2 y(u, r 0 , v, p)du, (7) where in the second step a change of variable u = r0 r was used and we have changed L and E to the signal velocity v and r 0 according to Eq. (5) . The y(u, r 0 , v, p) denotes the integrand and p collectively stands for all parameters in the metric functions. And furthermore, r 0 could be related to the impact parameter b through [1]
In the weak field limit, r 0 m, then the integrand in Eq. (7) can be expanded in the powers of m/r 0 , i.e.,
We emphasis that the integration for this series expansion is always feasible because of the particular form that y i (u, v, p) take (see Ref. [1] ) and therefore in principle calculation to arbitrarily desired order is possible, especially if one has enough time and memory space for a symbolic computation tool to carry out these integrals. After integration, then the total change of the angular coordinate takes the form
Here I n (v, p) should in general depend on the particle velocity v and parameters p of the spacetime. In GL however, the minimal radial coordinate r 0 is still not as conveniently connected to observables, such as lens distance and apparent angles of the images, as the impact parameter b. Therefore, it is desirable to replace r 0 in Eq. (11) by b.
For this purpose, we can inverse the function l 1 r0 in Eq. (9) to express 1 r0 as a function of 1 b , also in series form,
Substituting this into Eq. (11) and sorting the series as powers of m/b, one obtains the change of the angular coordinate as
where the I n (v, p) are the new coefficients.
The deflection angle in the weak field limit is then α = I(b, v, p) − π. This deflection angle can be directly used in the GL equation to solve the angular positions and magnifications of images of the source, also as series expansions, as was done in Ref. [1] . However, since those computation are also lengthy, in this work we will not solve GL equations, but rather restrain ourselves to the perturbative computation and then analysis of the deflection angles in the four spacetimes mentioned in the introduction.
III. THE DEFLECTION ANGLES IN VARIOUS SPACETIMES

A. Deflection in the Bardeen spacetime
The regular Bardeen spacetime is described by the metric [34, 35] 
where m is the mass of the spacetime and g is the charge parameter for some nonlinear electrodynamics [35] . When g = 0, this reduces to the Schwarzschild spacetime. When g = 0, the spacetime is regular everywhere. This metric approaches the Schwarzschild spacetime at large r and the de Sitter spacetime at small r. The asymptotic expansion of A(r) indeed is given by
from which it is clear that the Bardeen spacetime deviates from the Schwarzschild one from the third order of large r.
When the dimensionless parameterĝ ≡ |g| m < 4 3 √ 3 ≡ĝ c , this spacetime allows two horizons, which become extremal whenĝ =ĝ c , and then a non-BH spacetime whenĝ >ĝ c [36] . Forĝ c <ĝ <ĝ p ≡ 48 25 √ 5 , there can still exist a photon sphere which might diverge the deflection angle if the trajectory is close to it [29] .
Using metric (14) and going through the expansion and integration procedure from Eq. (7) to Eq. (13), the change of the angular coordinate I B (r 0 , v,ĝ) for a particle ray with the minimal radial coordinate r 0 and velocity v in the Bardeen spacetime becomes, to the eleventh order
where the coefficients are 
where the coefficients are From these equations, it is seen that in I B (b, v,ĝ) the deviation due to parameterĝ from the Schwarzschild case is only present from and above the third order of m/b. Since the deflection angle in the weak field limit is expected to be sensitive only to the asymptotic behavior of the spacetime, this implies that the metric functions at large r must only differ from the Schwarzschild spacetime starting from third order too. This is indeed confirmed in the expansion of the lapse function in Eq. (15), where the difference only appears from the third order.
To study how the deflection angle depends on various kinematic and spacetime parameters, we plot the deflection Fig. 1 . In Fig. 1 (a) , we plot the partial sums defined as the sum of Eqs. (20) to the n-th order as
and the exact value of the deflection angle calculated by numerically integration Eq. (6) for the Bardeen metric. It is seen that the partial sums α B,n approaches the true value as n increases. The highest order partial sum α B,11
practically overlaps with the exact value for b greater than 7m. As b decreases from large value, the deflection angle monotonically increases. The contribution from higher orders in Eqs. (20) only becomes important when b is small enough. At b = 7m, the deflection angle reached a value of α B = 0.27π, which is rather large. Therefore this suggests that our series deflection angle works even when the gravitational field is not weak.
In Fig. 1 (b) , the contribution from each order of Eq. (20) and the corresponding orders for the Schwarzschild metric are plotted for v = c andĝ = 0.5. It is seen that for any b, as the order increases, the contribution from each order decreases linearly in this log-log plot. This suggests that the summation of these contributions will converge as they should. Moreover, it is also seen that the contributions to the deflection angle in the Bardeen spacetime only deviate from the Schwarzschild ones from the third order. This is a reflection that the asymptotic expansion (15) of the lapse function of the Bardeen metric only deviates from the Schwarzschild lapse function from the third order.
Furthermore, it is seen that comparing to the Schwarzschild case, a nonzeroĝ decreases the deflection angle in all orders. The horizontal line at 1 [as] here represents the typical precision in the GL by galaxy or galaxy cluster. It shows that the seventh order result can reach this accuracy for b that is as small as about 12.1m.
In Fig. 1 (c) , the dependence of the partial sum α B,11 and the exact value of the deflection angle are plotted for three representative value of parameterĝ,ĝ 1 = 0.5,ĝ 1 = 0.8 andĝ 3 = 1.0. It is known in the Schwarzschild and RN BH spacetimes that for a given b, there exists a critical velocity v c below which the deflection angle diverges to infinity, i.e., the particle will enter the BH event horizon. Here forĝ 1 which is smaller thanĝ c andĝ 2 which is between g c andĝ p , it is known that the spacetime contains a photon sphere in both cases and therefore for some fixed b there shall exist a lower limit of the velocity v c below which the true deflection angle diverges. It is seen then from the plot that this critical value forĝ 1 is roughly 0.42c and forĝ 2 is 0.38c when b = 10m. On the other hand, whenĝ =ĝ 3 which is larger thanĝ p , the photon sphere disappears and the partial sum α B,11 and the true value of the deflection angles agrees in a wider range of the velocity. 20), comparing to the Schwarzschild metric, the effect ofĝ appears in the third and above orders. Therefore for a finiteĝ, in general its effect should be small when b is large, and it only becomes apparent when b is reasonably small, i.e., when the gravitational field is not weak anymore. To illustrate its effect, therefore we choose b = 10m in the plot. It is seen that as dictated by
Eqs. (20) ,ĝ monotonically decreases the deflection angle from the third order and does the same to the partial sum.
In the entire range ofĝ, both below or above the criticalĝ c andĝ p , this partial sum agrees with the true value of the deflection angle.
B. Deflection in the Hayward spacetime
The Hayward metric is given by [37] 
Here m is the mass of spacetime and l characterize the central energy density 3 8πl 2 [31, 37] . When l = 0, this reduces to the Schwarzschild spacetime. When l = 0 however, similar to the Bardeen case, the Hayward spacetime is regular everywhere. Moreover, one can also verify that the Hayward spacetime approaches the Schwarzschild one at large r and the de Sitter spacetime at small r by expanding A(r)
Clearly, the Hayward spacetime deviates from Schwarzschild spacetime at large r only from the fourth order.
Depending on the value of the dimensionless parameterl ≡ |l| m , this metric corresponds to a BH or non-BH spacetime.
Whenl is smaller than a critical value, i.e.,l < , there can still exist a photon sphere which might diverge the deflection angle if the trajectory is close to it [31] . Using metric (22) and going through the expansion and integration procedure from Eq. (7) to Eq. (13), the change of the angular coordinate takes the form
where 
Here S n are the change of the angular coordinate at corresponding orders in the Schwarzschild spacetime given in Eq.
(A2).
To express the deflection angle in terms of the impact parameter b, we express r 0 using b using Eq. (12) 
Using this in Eq. (25) , the change of the angular coordinate in terms of the impact parameter is obtained as
Here the coefficients S n are the coefficients in the change of the angular coordinate in the Schwarzschild spacetime given in (A6). Note that if we set v = c for lightray in Eqs. (26) and (29), the first sixth orders agree with Eq. (18) and (19) of Ref. [31] respectively.
From these equations, it is seen that the modification comparing the Schwarzschild case due to parameterl is only present from and above the fourth order of m/b. Since the deflection angle in the weak field limit is expected to be sensitive only to the asymptotic behavior of the spacetime, this implies that the metric functions at large r must only differ from the Schwarzschild spacetime starting from high orders too. This is indeed confirmed in the expansion of the lapse function in Eq. (23), where the difference only appears starting from the fourth order.
To study how the deflection angle depends on various kinematic and spacetime parameters, we plot the deflection Fig. 2 . In Fig. 2 (a) , the partial sum of the deflection angle defined as the sum of Eqs.
(29) to the n-th order
as well as the exact value of the deflection angle obtained using numerical integration are shown. It is seen that in general, the deflection angle decreases monotonically as b increases, becoming completely determined by the leading order formula (29b) and overlaps with the exact value when b is large. As b decreases, the contribution from higher orders start to manifest (see the insert for a zoom-in at small b). However, the partial sum to the thirteenth order still overlaps with the true value of the deflection angle, even when b is as small as 7m, at which point α H ≈ 0.51π.
This shows that the deflection angle we calculated perturbatively can even work when the gravitational field is not weak or when deflection angle is not small anymore.
In Fig. 2 (b) , the contribution from each order of Eqs. (29) are plotted (solid lines), together with the values at the corresponding orders for the Schwarzschild spacetime for comparison (dashed lines). It is seen that the contribution from each order decreases roughly by the same factor as the order increases, suggesting that the summation (28) is convergent for the given range of b. It is also clear that as dictated by the asymptotic expansion (23) and Eq.
(29e), the contribution starts to deviate from that Schwarzschild spacetime result from and above the fourth order.
Moreover, from these deviations, one sees that an increase ofl indeed decreases the deflection angle. Furthermore, the horizontal line at 1 [as] shows that the thirteenth order result can reach this resolution for the impact parameter b as small as 10.7m.
In Fig. 2 (c) , the deflection angle is plotted against the velocity v for some fixed b and three representative values of l, i.e.,l 1 = 0.5 <l c andl c <l 2 = 0.85 >l p andl 3 = 1.4 >l p . Similar to the Bardeen BH spacetime case, for Hayward spacetime with b = 10m, their exist a critical velocity around 0.43c forl =l 1 and 0.41c forl =l 2 . From Fig. 2 (c) it is seen that forl =l 1 orl 2 , as velocity decreases from c, the deflection angle calculated both from the partial sum α H, 13 and numerical integration increase monotonically. As v approaches v c , the deflection angle α H,13 calculated using the perturbative method starts to deviate from the true deflection angle around 0.50c forl 1 and 0.48c forl 2 . Below these, the true deflection angles in both cases diverge as v → v c from above and the perturbative deflection angle becomes invalid. On the other hand, whenl =l 3 , the photon sphere disappears and the partial sum α H,13 still roughly agree with the true value even when the velocity is as small as 0.38c.
In Fig. 2 (d) , we examine the effect of parameterl on the deflection angles. It is seen that the partial sum α H,13 and the numerical value overlaps for the entire range ofl from 0 to 2, which shows that our result also works after the parameterl passes through the critical value. The deflection angle monotonically decreases asl increases in the whole range. In particular, whenl passesl c andl p , the deflection angle does not experience any qualitative change, which is a reflection that the perturbative expansion depends only on the asymptotic expansions of the metric functions.
C. Deflection in the JNW spacetime
We consider now the most general spherically symmetric asymptotically flat exact solution to the Einstein massless scalar equations, i.e., JNW metric [38] A
where β is the location of the naked curvature singularity and β < r < ∞. β, λ are related to the ADM mass m and scalar charge q by
Clearly, when q = 0, we will have λ = 1 and the JNW spacetime reduces to the Schwarzschild spacetime. In order for m ≥ 0, it is required that 0 ≤ λ ≤ 1 [27, 39] . Moreover, it was known that in the strong field limit, the deflection angle as well as the GL features of the JNW metric with 1 2 < λ < 1 are quite similar to the case of Schwarzschild metric, because of the existence of a photon sphere at r J,p = β 1 + 2λ 2 (33) in this case [39] . While if 0 < λ < 1 2 , the above photon sphere is within the naked singularity at r = β and therefore not accessible. Consequently, the GL will only have finite number of images [27] . We would like to see whether the critical value λ c = 1 2 , i.e. q = m will play any role in the deflection angle in the weak field limit.
Using the metric functions (31) , and going through the procedure from Eq. (7) to Eq. (13), the change of the angular coordinate for a particle ray with velocity v and impact parameter b in the JNW spacetime becomes
where the coefficients are (35h)
The β/r 0 in Eq. (35) can be expanded as a power series of β/b using Eq. (12), given by 
Substituting this into Eq. (34), we obtain the change of angular coordinates as a series of β/b for general velocity
where the coefficients for the first few orders are J 0 =π, (38a) We plot the deflection angle α J ≡ I J (b, v, λ) − π in Fig. 3 . In Fig. 3 (a) , we fix λ = 3/4 so that a photon sphere is located using Eq. (33) at r = 10 3 m and plot the partial sum of the deflection angle as the sum of Eqs. (38) to the n-th order In Fig. 3 (b) , we plot the contribution to the deflection angle from each order in Eq. (38) and the corresponding orders in the Schwarzschild spacetime. As expected, the contribution decreases linearly in the logarithmic plot as the order increases, suggesting that the sum as a series of β b will converge. Furthermore, the difference between the JNW and the Schwarzschild cases appears from the very first order, in contrast to the Bardeen and Hayward cases which differs from the Schwarzschild case from much higher orders. The fundamental reason of this is that the JNW spacetime although can reduce to Schwarzschild one when q = 0, is not a perturbation of the Schwarzschild spacetime in the usual sense [40] . Nevertheless, a comparison between the JNW and Schwarzschild results shows that a nonzero scalar charge q typically lowers the contribution from each order.
In Fig. 3 (c) , the effect of velocity v is studied for two value of λ, λ 1 = 0.8 > λ c and λ 2 = 0.4 < λ c . Again, similar to the case of Bardeen and Hayward, smaller velocity will increase the deflection angle. For λ 1 = 0.8, it is known that there exists a photon sphere and therefore for a fixed b, the true deflection angle is expected to diverge when v approaches the critical value from above. From the plot, it is clear that for λ 1 , the critical value v c = 0.42c, around and below which clearly the deflection angle α J,7 obtained perturbatively becomes invalid. For λ = λ 2 however, since this spacetime does not have a photon sphere, clearly for the entire range of v considered, the partial summation α J,7
agrees very well with the true deflection angle.
In Fig. 3 (d) , the dependence of the deflection angle on the parameterq or equivalently λ is shown. Clearly at the critical λ = λ c = 1 2 , i.e., q m = √ 3, the deflection angle at all order, or its partial sum α J,7 and true value, are continuous and smooth. This suggests basically that similar to the Bardeen and Hayward cases, the deflection angle should depend asymptotically on the metric function and therefore insensitive to the appearance/disappearance of the photon sphere at small r.
D. Deflection angle in the EBI spacetime
The EBI BH metric describing a nonlinear electrodynamics takes the form [41, 42] 
where m is the mass and q = q 2 E + q 2 M is the charge of the spacetime. In the limit β → 0, this reduces exactly to the RN spacetime. The asymptotic behavior of the EBI solution also resemble that of the RN spacetime at large r.
The integral in Eq. (40) can be re-written using an elliptical function F of the first kind
Expanding this function at large r, one can see that A(r) deviate from the metric function of the RN spacetime starting from the sixth order
Depending on the values of the dimensionless parametersβ ≡ β m andq ≡ |q| m , there can be zero, one or two nonzero solutions for A(r) = 0 (see Fig. 4 for the partition of this parameter space). When the dimensionless parameterq is small, i.e., 0 ≤q ≤q c1 (β) (the green region), there is one solution which labels the horizon of a regular BH. When the charge is at a medium value,q c1 (β) <q <q c2 (β) (the blue region), similar to the RN BH spacetime, there will be two event horizons. Asq further increases to beyondq >q c2 (β) (the brown region), the two horizons merge and disappear so that there is only a naked singularity at r = 0 left. One of these critical lines,q c1 (β) can be solved analytically from the metric function (41) .
The other critical lineq c2 (β) can only be solved numerically from the metric function. These two curves meet at the value ofβ = 64 Using this metric, and going through the procedure from Eq. (7) to Eq. (13) for the EBI metric, one can find the change of angular coordinate as a series of r 0 up to the eleventh order,
with the coefficients given by 
where the R n are the coefficient of order n in the change of the angular coordinate in RN spacetime. Their values are given in Ref. [1] and also listed in Eq. (A8).
Using Eq. (12), the expansion parameter m r0 can be expressed as a power series of m b , given by
where the C R,i are the corresponding coefficients for the RN spacetime listed in Eq. (A4). Substituting this expansion into Eq. (44), we finally obtain the change of the angular coordinate in the EBI spacetime for general velocity, as
with coefficients 
The R n are the corresponding expansion coefficients in the RN spacetime listed in Eq. (A10). It is seen from these equations that the change of the angular coordinate in the EBI spacetime shows difference from the RN spacetime from the sixth order. Similar to the Bardeen and Hayward vs. the Schwarzschild case, this difference in the deflection angle at the sixth order also should imply that the metric lapse functions of the EBI and RN spacetimes are asymptotically different only from the sixth order. This is indeed verified from the expansion (42) .
To study how the deflection angle depends on various kinematic and spacetime parameters, we plot α E in Fig. 5 .
In Fig. 5 (a) , we plot the partial sums α E,n defined using Eqs. (49) as
It is seen that similar to the cases in the Bardeen, Hayward and JNW spacetime, the partial sum α E,n approaches the true value obtained numerically as n increases. The highest order partial sum α E,11 agrees with the true value for b as small as 7m, at which the gravitational field is not weak anymore and deflection angle is not small. The Fig. 5 (b) shows the contribution from each order of Eq. (49). It is clear that for a fixed b, as the order increases, the contribution from each order decreases by a constant small factor, therefore the summation in Eq. (48) will converge.
In Fig. 5 (c) , the deflection angle is plotted against the velocity v for fixed b = 10m,β = 1 andq = 0.43. As v decreases, the partial sum α E,11 and exact deflection angle overlap and increase until about v ≈ 0.55c from which the true deflection angle starts to diverge due to the existence of one event horizon in the spacetime for the given choice of β andq and the consequent existence of an critical v c ≈ 0.42c. This shows again that the partial sum to high order as an asymptotic expansion although can work when the gravitational field is not weak, is still not accurate near event horizon.
In Fig. 5 (d) , the effect of chargeq is plotted for two representative values ofβ,β 1 = 1 andβ 2 = 3. For the first, it is seen from Fig. 4 that there might exist zero, one or two event horizons asq increases, while for the secondβ, there can only be zero or one event horizon. As seen from the plot, the deflection angles decreases monotonically and smoothly asq increases, regardless whether it is near the critical values or not. This shows that our perturbative deflection angle works for all the cases whether there is one, two or no event horizons.
Comparing to the Bardeen, Hayword and JNW spacetimes, the EBI spacetime contains one more parameter,β.
However comparing the same order contribution from Eqs. (48) and Eqs. (A8), we see that the effect ofβ to deflection angle is much smaller than the effect of chargeq. For this reason, in Fig. 5 (e) , we are not plotting the contributions from each order in Eq. (48), but the difference between each order of the deflection angles of the RN and EBI spacetimes, against parameterβ. It is clear that this difference only starts to appear from the sixth order. Moreover, although differences of orderβ 4 or above are present in order E 10 and above, all the lines in this log-log plot has a slope of value 2, which suggests that theβ 2 terms dominate higher orders.
IV. DISCUSSIONS
In this paper we used the perturbative expansion of the integrand in the change of the angular coordinate, (6) , and integrated it to obtain the deflection angles in powers of the closest radial coordinate r 0 and impact parameter b for signals with general velocity v in the Bardeen, Hayward, JNW and EBI spacetimes to very high orders (indeed they can reach any desired order).
There are a few findings that apply to all general static and spherically symmetric spacetimes worth mentioning here. The first is that the deflection angles in the weak field limit is determined by the asymptotic behavior of the metric functions solely. Our finding shows that a deviation of the metric function at the n-th power of m b from a given base metric, will result in a deviation of the deflection angle at the same order from that of the base metric.
One important consequence of this is the continuous dependence of the deflection angle on (charge) parameters of the spacetime. This is even so when these parameters pass their critical values at which a BH spacetime becomes non-BH one or other critical transit happens, because these dramatic changes usually happen at small r but not asymptotic r. In this sense, the deflection angle found perturbatively as a power series of m b will qualitatively be the same for spacetimes that are drastically different due to the variation of the metric parameter(s) [43] . This is in clear contrast with the deflection angle in the strong field limit, which experiences drastic change when the parameters pass their critical values for the existence/non-existence of the event horizon or photon sphere [32] .
The second finding, obtained by comparing with the exact deflection angles calculated numerically, is that the deflection angles found perturbatively in the weak field limit, i.e., large r 0 or b limit, can work for surprisingly small b as long as the order is high enough. The deflection angle for the smallest valid b can also be large, at least 0.3π for the four spacetime we tested.
There are a few directions along which the results in this work are usable or can be extended. The first is to substitute these deflection angles in the lensing equation to use the corresponding GL effects to examine the properties of the central spacetime. Although the qualitative effects of the spacetime (charge) parameters to the deflection angle are not large, quantitatively the deflection angles and consequently the images in the corresponding GL effects are still influenced by these parameters. Therefore they can be put to constrain these parameters. We point out that there are already many works along this line. The GL effect in the Bardeen spacetime has been considered in Refs. [29, [44] [45] [46] and in the Hayward spacetime in Refs. [30, 47] , in JNW spacetime in Refs. [26, 32, 33, 48] and in the EBI spacetime in Ref. [42] . Since these works are all for null rays, the results here can still be applied to timelike particles such as neutrino and massive GWs.
The second application is to use the GL effect in these spacetime to constrain the velocity of the messenger. For neutrinos, the velocity can be simply connected to their neutrino absolute mass and mass hierarchy. For GW, its velocity itself plays a key role in distinguishing some modified gravity models. For the particular four spacetimes studied in this work, because the velocity appears in the very first m b order of the deflection angle rather than the third or higher orders in which the spacetime (charge) parameters appear, the application in this direction is expected to be more practical. 
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When expressing 1/x 0 in powers of 1/b in the Schwarzschild spacetime, Eq. (12) can be used, and the result is
If we express the change of angular coordinate in terms of impact parameter, it becomes
where the coefficients to the ninth order are 
Finally the change of the angular coordinate in terms of the impact parameter in the RN spacetime takes the form
